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Abstract
We compute the irreducible components and relative invariants of certain prehomogeneous spaces
arising in the theory of nilpotent orbits in real reductive Lie algebras.
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1. Introduction
In [JN05b], we computed the isotypic decompositions and relative invariants of those
prehomogeneous spaces arising in connection with nilpotent orbits in complex reductive
Lie algebras. In the present paper, we extend this work to prehomogeneous spaces arising
in connection with nilpotent orbits in real reductive Lie algebras.
1.1. Prehomogeneous spaces
Let k be an algebraically closed field of characteristic zero. A prehomogeneous space
over k is a pair (G,V ), where G is a connected algebraic group over k and V is a regular
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S.G. Jackson, A.G. Noël / Journal of Algebra 305 (2006) 194–269 195representation of G with a Zariski-open orbit. The singular locus is the complement of the
open orbit.
The nilcone is the maximal G-stable hypersurface in V . We say that (G,V ) is regular
if the nilcone coincides with the singular locus.
1.2. Graded symmetric pairs
Let g = [g,g] ⊕ Z(g) be a finite-dimensional reductive Lie algebra over k, let θ be an
involution of g, and let k and p be the +1 and −1 eigenspaces of θ , respectively, so that





is a θ -stable k-grading of g satisfying Z(g) ⊂ g0. Put kα = k ∩ gα and pα = p ∩ gα ; then
since the grading (1.1) is θ -stable, we have
gα = kα ⊕ pα.
We also have the degree derivation δ defined by δ(x) = αx for x ∈ gα ; since [g,g] is
semisimple, this derivation is inner, and we can find a semisimple element h ∈ [g,g] such
that (1.1) is the weight space decomposition of g with respect to h. Since (1.1) is θ -stable,
we must have h ∈ k. Conversely, any semisimple element of [k, k] gives rise to a θ -stable
k-grading of g satisfying Z(g) ⊂ g0.
Let K be a connected algebraic group with Lie algebra k, and let K0 be the closed
connected subgroup of K with Lie algebra k0. Then kα and pα are representations of K0.
By [JN05a, Proposition 1], (K0, kα) and (K0,pα) are prehomogeneous spaces whenever
α = 0.
1.3. Standard normal triples and the Kostant–Sekiguchi correspondence
Now suppose that k = C, g is the complexification of a real reductive Lie algebra gR,
and θ is the complexified Cartan involution. Our interest centers on the case where h can
be embedded in an sl2-triple (h, e, f ) with e, f ∈ p. When h can be so embedded, the
prehomogeneous space (K0,p±2) is known to be regular [JN05a, Proposition 1].
According to [Sek87, Theorem 1.9], the conjugacy classes of such h are in one-to-one
correspondence with conjugacy classes of nilpotent elements in gR. We now introduce
partition-like objects which parametrize these conjugacy classes when gR is classical.
1.4. Signed Young diagrams
Let p be a partition of n. The Young diagram of p is the left-justified array of boxes
whose row lengths are the parts of p. The size of the diagram is n. A signed Young dia-
gram D is a Young diagram together with an assignment of signs to its boxes such that
the signs alternate across rows. We regard two signings as identical if one can be obtained
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is the number of + signs and q is the number of − signs. For instance,
D =





is a signed Young diagram whose underlying partition is [6,3,2,2,1] and whose signature
is (6,8).
Given a (signed) Young diagram D, the half-diagram D+ (respectively D−) is the array
whose rows are the even (respectively odd) rows of D, arranged so that they are horizon-
tally centered. If D is as above, then
D+ =
− + − + − +
+ −
+ −
and D− = − + −− .
Label the columns of D± with the integers −i,−i + 2, . . . , i − 2, i, and define the half-
column length c(j) to be the length of the j th column of D±. If D is signed, let c+(j)
(respectively c−(j)) be the number of + signs (respectively − signs) in this column. In
our example, the labeling is
− + − + − +
+ −
+ −




and the half-column lengths are
j −5 −4 −3 −2 −1 0 1 2 3 4 5
c(j) 1 0 1 1 3 2 3 1 1 0 1
c+(j) 0 0 1 0 2 1 1 0 0 0 1
c−(j) 1 0 0 1 1 1 2 1 1 0 0
.
1.5. Classical nilpotent orbits
When gR is a classical Lie algebra, its nilpotent orbits are given by the following:
Theorem 1.2. (See [CM93, Theorems 9.3.3–9.3.5].) We have the following list of nilpotent
orbits in classical real Lie algebras:
(1) Nilpotent orbits in up,q are parametrized by signed Young diagrams of signature
(p, q).
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diagrams having only even rows correspond to two orbits (which are conjugate by an
outer automorphism).
(3) Nilpotent orbits in u∗2n are parametrized by Young diagrams of size n.
(4) Nilpotent orbits in sp2p,2q are parametrized by signed Young diagrams of signature
(p, q) in which even rows begin with +.
(5) Nilpotent orbits in sp2n(R) are parametrized by signed Young diagrams of size 2n in
which odd rows occur with even multiplicity and begin alternately with + and with −.
(Such diagrams necessarily have signature (n,n).)
(6) Nilpotent orbits in sop,q are parametrized by signed Young diagrams of signature
(p, q) in which even rows occur with even multiplicity and begin alternately with +
and with −, except that diagrams having only even rows correspond to four conjugate
orbits, and diagrams with at least one odd row and all odd rows having an even number
of boxes labeled with + (or all odd rows having an even number of boxes labeled
with −) correspond to two conjugate orbits.
(7) Nilpotent orbits in so∗2n are parametrized by signed Young diagrams of size n and any
signature in which odd rows begin with +.
1.6. Module structure
Our first main result is a determination of the structure of kα and pα as K0-modules.
When gR is classical, this is given by the following:
Theorem 1.3. Suppose that h can be embedded in a standard normal triple (h, e, f ) cor-
responding to the (signed) Young diagram D. Then kα = pα = 0 unless α is an integer.
Furthermore, for any i ∈ Z:
























)∗)⊕ (V −j ⊗ (V +k )∗)
where dimV j = c(j).
(2) If gR = gln(R), then
















Vj ⊗ V ∗k
)⊕ S2(Vi/2),
where dimVj = c(j) and V−j = V ∗j .
(3) If gR = u∗2n, then
















Vj ⊗ V ∗k
)⊕∧2(Vi/2),
where dimVj = c(j) + c(−j) and V−j = V ∗j .





























)∗)⊕ (V −j ⊗ (V +k )∗)⊕ (V +i/2 ⊗ V −i/2),
where dimV j = c(j) + c(−j) and V −j = (V j )∗.



















)∗)⊕ (V −j ⊗ (V −k )∗)⊕ (V +i/2 ⊗ V −i/2), and








)∗)⊕ (V −j ⊗ (V +k )∗)⊕ S2(V +i/2)⊕ S2(V −i/2),
where dimV j = c(j), and V −−j = (V j )∗.
































)∗)⊕ (V −j ⊗ (V +k )∗)⊕ (V +i/2 ⊗ V −i/2),
where dimV j = c(j) and V −j = (V j )∗.
































where dimV j = c(j) + c−(−j), and V −−j = (V j )∗.
We prove this theorem in Section 2. In Section 4, we discuss an algorithm for calculating
the structure of ki and pi which we have implemented in the computer algebra system LiE
[vL94], and we give tables of results for the nilpotent orbits in exceptional real Lie algebras.
1.7. Relative invariants
Let (G,V ) be a prehomogeneous space. A relative invariant of (G,V ) is a polynomial





Since the open orbit is dense, a relative invariant is determined up to scalar multiplication
by its character. Evidently any relative invariant is fixed by the action of the commutator
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where Fχ is the space of relative invariants of character χ . If Fχ = 0, then dimk Fχ = 1.
Let M be the set of all characters χ with Fχ = 0. Then M is a submonoid of the
character group of G, and (1.4) is an M-grading. Indeed, the ring of invariants k[V ][G,G]
is isomorphic to the monoid ring k[M]. Since k[V ] has unique factorization and [G,G] is
connected, k[V ][G,G] also has unique factorization and M is a free commutative monoid.
We call the generators of M the fundamental characters of (G,V ). The relative invariants
corresponding to the fundamental characters are prime, and the nilcone is the hypersurface
determined by their product.
Our second main result is a determination of the fundamental characters and corre-
sponding relative invariants of (K0, ki ) and (K0,pi ) for classical g. To each classical
nilpotent orbit and each integer i = 0, we associate two labeled directed graphs, the k-graph
and the p-graph, as follows:
(1) If gR = up,q , then the vertex set for both graphs is Z × {+,−}, and the vertex (a, )
is labeled with dimV a . The edges of the k-graph have the form (a, ) → (a + i, ),
and the edges of the p-graph have the form (a, ) → (a + i,−). Two vertices (a, )
and (b,φ) form a k-admissible pair (respectively p-admissible pair) if (i) dimV a =
dimV φb > 0, (ii) there is a segment of the k-graph (respectively the p-graph) point-
ing from (a, ) to (b,φ), and (iii) for every interior vertex (c, γ ) on this segment,
dimV γc > dimV a .
(2) If gR = gln(R), then the vertex set for both graphs is Z, and the vertex a is labeled
with dimVa . The edges of both graphs have the form a → a + i. A pair of vertices
(a, b) is k-admissible if (i) dimVa = dimVb > 0, (ii) there is a segment of the k-graph
pointing from a to b, (iii) for every interior vertex c on this segment, dimVc > dimVa ,
(iv) a + b 0, and (v) if a + b = 0 and a is connected to i/2 then dimVa is even. It is
p-admissible if (i) dimVa = dimVb > 0, (ii) there is a segment of the p-graph pointing
from a to b, (iii) for every interior vertex c on this segment, dimVc > dimVa , and
(iv) a + b 0.
(3) If gR = u∗2n, then the graphs are as in (2). A pair of vertices (a, b) is k-admissible if
(i) dimVa = dimVb > 0, (ii) there is a segment of the k-graph pointing from a to b,
(iii) for every interior vertex c on this segment, dimVc > dimVa , (iv) a + b  0, and
(v) if a + b = 0 and a is connected to 0 then dimVa is even. It is p-admissible if
(i) dimVa = dimVb > 0, (ii) there is a segment of the p-graph pointing from a to b,
(iii) for every interior vertex c on this segment, dimVc > dimVa , (iv) a + b  0, and
(v) if a + b = 0 then dimVa is even.
(4) If gR = sp2p,2q , then the graphs are as in (1). A pair ((a, ), (b,φ)) is k-admissible if
(i) it is k-admissible in the sense of (1), (ii) a + b 0, and (iii) if a + b = 0 and (a, )
is connected to (0,±) then dimV a is even. It is p-admissible if (i) it is p-admissible in
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dimV a is even, and (iv) if a + b = 0 and (a, ) is connected to (i/2,±), then  = +.
(5) If gR = sp2n(R), then the graphs are as in (1). A pair ((a, ), (b,φ)) is k-admissible if
(i) it is k-admissible in the sense of (1), (ii) a+b 0, and (iii) if a+b = 0 then  = +.
It is p-admissible if (i) it is p-admissible in the sense of (1), (ii) a + b  0, and (iii) if
a + b = 0 and (a, ) is connected to (0,±) then  = +.
(6) If gR = sop,q , then the graphs are as in (1). A pair ((a, ), (b,φ)) is k-admissible if (i)
it is k-admissible in the sense of (1), (ii) a + b  0, and (iii) if a + b = 0 and (a, ) is
connected to (i/2,±) then dimV a is even. It is p-admissible if (i) it is p-admissible in
the sense of (1), (ii) a+b 0, and (iii) if a+b = 0 and (a, ) is connected to (i/2,±),
then  = +.
(7) If gR = so∗2n, then the graphs are as in (1). A pair ((a, ), (b,φ)) is k-admissible if (i)
it is k-admissible in the sense of (1), (ii) a + b  0, and (iii) if a + b = 0 then  = +.
It is p-admissible if (i) it is p-admissible in the sense of (1), (ii) a + b  0, (iii) if
a + b = 0 and (a, ) is connected to (0,±), then  = +, and (iv) if a + b = 0 and
(a, ) is connected to (i/2,±) then dimV a is even.
We have the following theorem, which we prove in Section 3:
Theorem 1.5. Fix a classical nilpotent orbit and an integer i = 0. The fundamental char-
acters of K0 on ki (respectively pi ) are in one-to-one correspondence with k-admissible
pairs (respectively p-admissible pairs). Specifically:
(1) If gR = up,q , then the pair ((a, ), (b,φ)) corresponds to the character deta, /detb,φ ,
where deta, is the determinant character of GL(V a ).
(2) If gR = gln(R), then the pair (a, b) corresponds to the character detsgn(a)|a| /detsgn(b)|b|
(where deta is the determinant character of GL(Va) and det0 is the trivial character),
except when X = ki and a = −b is connected with i/2, in which case it corresponds
to the character 1/detsgn(b)|b| .
(3) If gR = u∗2n, then the pair (a, b) corresponds to the character detsgn(a)|a| /detsgn(b)|b| ,
except when a = −b is connected with 0 (respectively a = −b), in which case it cor-
responds to the character 1/detsgn(b)|b| .
(4) If gR = sp2p,2q , then the pair ((a, ), (b,φ)) corresponds to the character detsgn(a)|a|, /
detsgn(b)|b|,φ , except when a = −b is connected with (0,±), in which case it corresponds
to the character 1/detsgn(b)|b|,φ .
(5) If gR = sp2n(R), then the pair ((a, ), (b,φ)) corresponds to the character
detsgn(a)|a|,sgn(a) /det
sgn(b)
|b|,sgn(b)φ (where det0,− = 1/det0,+).
(6) If gR = sop,q , then the pair ((a, ), (b,φ)) corresponds to the character detsgn(a)|a|, /
detsgn(b)|b|,φ , except when X = ki and a = −b is connected with (i/2,±), in which case it
corresponds to the character 1/detsgn(b).|b|,φ
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detsgn(b)|b|,sgn(b)φ , except when X = pi and a = −b is connected with (i/2,±), in which
case it corresponds to the character 1/detsgn(b)|b|,sgn(b)φ .
In each case, the corresponding relative invariants are given by determinants (or Pfaf-
fians), as in [JN05b, paragraph 3.4]. The degree of a determinant corresponding to an
admissible pair is the product of the label attached to that pair and the length of the seg-
ment joining its members, while that of a Pfaffian is half of this product.
Example 1.6. Let gR = u11,12 and consider the nilpotent orbit corresponding to the signed
Young diagram D whose half-diagrams are
D− =




+ − + −





































where we have suppressed nodes with vanishing label. The fundamental characters are as
follows:
Admissible pair Character Degree
((−4,−), (−2,−)) det−4,− /det−2,− 1
((−2,−), (2,−)) det−2,− /det2,− 2
((2,−), (4,−)) det2,− /det4,− 1
((−3,+), (3,+)) det−3,+ /det3,+ 3
((−1,+), (1,+)) det−1,+ /det1,+ 2
((−3,−), (3,−)) det−3,− /det3,− 3
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Admissible pair Character Degree
((−4,−), (4,−)) det−4,− /det4,− 4
((−2,+), (0,−)) det−2,+ /det0,− 2
((0,−), (2,+)) det0,− /det2,+ 2
((−2,−), (0,+)) det−2,− /det0,+ 1
((0,+), (2,−)) det0,+ /det2,− 1
((−3,−), (3,+)) det−3,− /det3,+ 3
((−1,+), (1,−)) det−1,+ /det1,− 2
((−3,+), (3,−)) det−3,+ /det3,− 3
((−1,−), (1,+)) det−1,− /det1,+ 2
.
Example 1.7. Let gR = so11,12, and let D be as in the last example. The graphs are un-
changed, but now the characters on k2 are
Admissible pair Character Degree
((−2,−), (2,−)) 1/det22,− 2
((2,−), (4,−)) det2,− /det4,− 1
((−1,+), (1,+)) 1/det1,+ 1
((−1,−), (1,−)) 1/det1,− 1
while those on p2 are
Admissible pair Character Degree
((−4,−), (4,−)) 1/det24,− 4
((0,−), (2,+)) 1/det2,+ 2
((0,+), (2,−)) 1/det2,− 1
((−1,+), (1,−)) 1/(det1,+ det1,−) 2
((−3,+), (3,−)) 1/(det3,+ det3,−) 3
.
Example 1.8. Take gR = so∗24 and i = 4, and let D be the diagram whose half-diagrams
are
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Admissible pair Character Degree
((−6,+), (6,+)) 1/(det6,+ det6,−) 3
((−2,+), (2,+)) 1/(det2,+ det2,−) 2



































so the characters on p4 are
Admissible pair Character Degree
((−2,+), (2,−)) 1/det2,− 1
((−2,−), (2,+)) 1/det2,+ 1
((−4,+), (4,+)) 1/(det4,+ det4,−) 2
.
2. Module structure
We now prove Theorem 1.3. We proceed case by case:
Case 1. gR = up,q . Let V be the standard representation of g = glp+q . The Cartan involu-
tion of g is given by
θ(x) = M−1xM,






V +j ⊕ V −j
)
. (2.1)
Then K0 is the subgroup of GLp+q preserving the decomposition (2.1). Furthermore,
g = V ⊗ V ∗ =
(⊕(
V +j ⊕ V −j
))⊗
(⊕(
V +k ⊕ V −k
))∗
j k







)∗)⊕ (V +j ⊗ (V −k )∗)⊕ (V −j ⊗ (V +k )∗)⊕ (V −j ⊗ (V −k )∗).
Since h acts on V j by the scalar j and M acts by , the result follows.





be its eigenspace decomposition with respect to h. The Cartan involution of g is determined
by a symmetric bilinear form B as in [JN05b, Section 2.2]. Then K0 is the subgroup of GLn
which preserves the decomposition (2.2) and the form B . It follows from the discussion in
[JN05b, Section 2.2] that V−j = V ∗j and that θ(Vj ⊗ V ∗k ) = V−k ⊗ V ∗−j . The result now
follows from [JN05b, Lemma 2.4].
Case 3. gR = u∗2n. The Cartan involution of g = gln is determined by a skew-symmetric
bilinear form B . The result now follows as above.
Case 4. gR = sp2p,2q . The complexification g = sp2(p+q) is the fixed point set of an
involution τ :gl2(p+q) → gl2(p+q) determined by a skew form B as above. The Cartan
involution θ is given by
θ(x) = M−1xM
for some τ -fixed M with M2 = 1. Then M commutes with h as above, and we again have
the simultaneous eigenspace decomposition (2.1). Then K0 is the subgroup of GL2(p+q)
















)∗)⊕ (V +j ⊗ (V −k )∗)
⊕ (V −j ⊗ (V +k )∗)⊕ (V −j ⊗ (V −k )∗))
⊕ S2(V +i/2)⊕ (V +i/2 ⊗ V −i/2)⊕ S2(V −i/2).
Since M acts by −1 =  on (V j )∗, we have (V j )∗ = V −j , and the result follows.
Case 5. gR = sp2n(R). As above, g is the fixed point set of an involution τ determined by
a skew-form B , but now the Cartan involution θ is conjugation by some τ -fixed M with
M2 = −1. The eigenvalues of M are now ±i; let V ± be the corresponding simultaneousj
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follows as above.
Case 6. gR = sop,q . Here g = sop+q is the fixed point set of an involution τ :glp+q →
glp+q determined by a symmetric form B , and the Cartan involution is conjugation by
some τ -fixed M with M2 = 1. The result now follows as in Case 4 above.
Case 7. gR = so∗2n. Here g = so2n is the fixed point set of an involution τ :glp+q → glp+q
determined by a symmetric form B , and the Cartan involution is conjugation by some
τ -fixed M with M2 = −1. The result now follows as in Case 5 above.
3. Relative invariants
We now prove Theorem 1.5. To simplify the notation, we treat the cases where nilpotent
orbits are parametrized by signed Young diagrams. The proof in the unsigned cases is
similar.
Given a connected component C of the k-graph (respectively the p-graph), we say that
an eigenspace V a belongs to C if the vertex (a, ) lies on C. Let KC0 ⊂ K0 be the direct
product of all the direct factors of K0 which act on eigenspaces belonging to C, and let
kCi ⊂ ki (respectively pCi ⊂ pi ) be the direct sum of all the summands involving spaces













Each (KC0 , k
C
i ) (respectively (KC0 ,pCi )) is a prehomogeneous space equivalent to some
space of the type appearing in [JN05b]. The proof now follows that of [JN05b, Theo-
rem 1.5].
4. The exceptional cases
4.1. Labeled Dynkin diagrams
Now suppose that gR is an exceptional real Lie algebra. Fix θ -stable Cartan subalgebras
t and h of k and g, respectively, with h ∈ t ⊂ h, and fix a system {αi} of simple roots for g
and a system {βj } of simple roots for k as in [JN05a]. Conjugating by an element of the
Weyl group of K if necessary, we may assume that the numbers βj (h) are non-negative.
Then h is determined by the βj (h), together with its central component. Moreover, since
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outside the span of the βj . In each case with dimZ(k) = 1, we have chosen such an α0 as
in [Ðok88a]. The labeled Dynkin diagram corresponding to h is the Dynkin diagram of K ,
with nodes labeled by the corresponding βj (h). When dimZ(k) = 1, one adjoins an extra
node to represent α0, and connects it to the rest of the diagram with a dashed edge. The
Dynkin diagram of [K0,K0] is obtained by deleting all nodes with non-vanishing label,
together with the central node, and the dimension of the center of K0 is the number of
deleted nodes. The labeled Dynkin diagrams corresponding to nilpotent orbits have been
classified by Ðokovic´ [Ðok88a,Ðok88b].
4.2. Decomposition algorithm for gR of inner type
If gR is of inner type, then t = h; then since θ acts trivially on h, it stabilizes the root
space decomposition of g. In particular, the simple roots {αi} are chosen so that θ acts
by −1 on exactly one simple root space Xαi0 ; then for any root α =
∑
i ciαi , the corre-
sponding root space Xα lies in k (respectively in p) if and only if the coefficient ci0 is even
(respectively odd), and lies in gi if and only if α(h) = i. Moreover, α is a highest weight
of K0 if and only if Xα commutes with every Xβj for which βj (h) = 0, and this happens
if and only if α + βj is not a root for any such βj . Thus, the highest weights of ki and pi
can be determined algorithmically from a list of roots of g; details of our implementation
can be found in [JN05a].
4.3. Decomposition algorithm for gR of outer type
If gR is of outer type, then g = e6(6) or e6(−26). Details of our decomposition algorithm
for these two algebras can be found in [JN].
4.4. Tables of results
We summarize our results in Tables 1–12: for each exceptional nilpotent orbit, we give
the labeled Dynkin diagram, and for each i > 0 with pi = 0, we give dimpi and the high-
est weights of pi , expressed on the basis of fundamental weights in the Bourbaki order.
Our own interest centers on the decomposition of p2, so to conserve space we have in-
cluded only the case i = 2 for algebras of type E. Complete tables for type E can be found
at http://www.math.umb.edu/~anoel/publications/tables/. We also give the irreducible de-
composition of pi as [G0,G0]-module in the notation of [Kac80]: we use the name of a
classical group also to denote its standard representation. Usually context makes it clear
whether the group or the module is intended. When [G0,G0] contains more than one fac-
tor isomorphic to a given classical group, we number the factors with superscripts. The
symbol C denotes the trivial module; Spinn means the spin representation of the two-fold
cover of SOn when n is odd, and either of the two half-spin representations (which are
conjugate by an outer automorphism) when n is even; E6 means either of the (conjugate)
27-dimensional E6-modules; and E7 means the 56-dimensional E7-module. In the last
column of each table below, we give the fundamental characters of gi as multi-degrees.














ehomogeneous space Fundamental characters














Nilpotent orbits in g2(2) (type G)




















































ehomogeneous space Fundamental characters

















S2(SL3) ⊕ C (3,0)(0,1)
C (1)
(continued on next page)Nilpotent orbits in f4(4) (type FI)

























































































































C ⊕ C (1,0)
(0,1)
C (1)








































































ehomogeneous space Fundamental characters









C ⊕ C (1,0)
(0,1)
C ⊕ C (1,0)
(0,1)
C (1)





(continued on next page)Table 2 (continued)




















































ehomogeneous space Fundamental characters















S2(SL3) ⊗ SL2 (12)
SL2 ∅
SO3 ⊗SL2) ⊕ SL2 (4,0)(2,2)
SL12 ∅
SL22 ∅






(continued on next page)Table 2 (continued)












































































ehomogeneous space Fundamental characters
S2(SL3) ⊕ C (3,0)(0,1)
S2(SL3) (3)
C (1)







C ⊕ C (1,0)
(0,1)




C ⊕ C (1,0)
(0,1)
C (1)





(continued on next page)Table 2 (continued)
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C ⊕ C (1,0)
(0,1)
C ⊕ C (1,0)
(0,1)
C (1)
(continued on next page)Table 2 (continued)
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C ⊕ C (1,0)
(0,1)





C ⊕ C (1,0)
(0,1)
C (1)




C ⊕ SL2 ⊕C (1,0,0)(0,0,1)
SO3 (2)
C (1)
(continued on next page)Table 2 (continued)
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ehomogeneous space Fundamental characters
SL4 ∅
C (1)
Spin7 (2)Table 2 (continued)



























Nilpotent orbits in f4(−20) (type FII)










































C ⊕ S2(SL2) (1,0)(0,2)













C ⊕ S2(SL3) (1,0)(0,3)




(continued on next page)Nilpotent orbits in e6(6) (type EI)



































































































































































mogeneous space Fundamental characters
L2 ⊕S2(SL2) (2,1)(0,2)




























L12) ⊗ SL22) ⊕ SL12
(4,0)
(2,2)















































































































































∧2(SL4) ⊗ SL2 (4)
(SL13 ⊗SL23) ⊕ C
(3,0)
(0,1)
C ⊕ SL3 ⊕SL∗3
(1,0,0)
(0,1,1)







SL3 ⊗SL12 ⊗SL22 (6)
SL3 ⊗SL12 ⊗SL22 (6)
(continued on next page)Nilpotent orbits in e6(2) (type EII)





































































































































































































omogeneous space Fundamental characters








SL12 ⊗SL22) ⊕ C
(2,0)
(0,1)






SL22 ⊕ (SL12 ⊗SL22)
(1,1,1)
(0,0,2)





L13 ⊗SL23 ⊗SL2 (12)
















































































































































































homogeneous space Fundamental characters
SL13 ⊗SL23) ⊕ C
(3,0)
(0,1)






(SL12 ⊗SL22) ⊕ SL22
(1,0,1)
(0,2,0)
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C ⊕ C (1,0)
(0,1)
SL4 ⊕SL∗4 (1,1)






















Nilpotent orbits in e6(−14) (type EIII)































































































homogeneous space Fundamental characters










∧2(SL4) ⊕ C (2,0)(0,1)




omogeneous space Fundamental characters
C (1)






























































































Nilpotent orbits in e6(−26) (type EIV)










































C ⊕ (SL13 ⊗SL23)
(1,0)
(0,3)




∧2(SL4)) ⊕ C (4,0)(0,1)
⊕ (SL2 ⊗
∧2(SL4)) (1,0)(0,4)





∧2(SL4) ⊗ SL3 (6)
∧2(SL4) ⊗ SL3 (6)
(continued on next page)Nilpotent orbits in e7(7) (type EV)





















































































































































































































































∧2(SL4) ⊗ SL3) (1,0)(0,6)
3 ⊗
∧2(SL4)) ⊕ C (6,0)(0,1)






SL4) ⊕ (SL2 ⊗SL4) (2,0)(1,2)
SL4) ⊕ (SL2 ⊗SL4) (2,0)(1,2)































































































































































































































homogeneous space Fundamental characters
1
3 ⊗SL23)
⊕ (SL23)∗ ⊕ (SL13)∗
(3,0,0)
(1,1,1)
L13 ⊗SL2 ⊗SL23 (12)
L12 ⊗SL22) ⊕ SL22
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L12 ⊗SL32)









C ⊕ (SL12 ⊗SL22)











SL12 ⊗SL22) ⊕ SL22









C ⊕ C ⊕ C ⊕ C











































































































































































C ⊕ C ⊕ C














∧2(SL4)) ⊕ SL4 (6,0)(3,2)
3 ⊗




























































































































































































homogeneous space Fundamental characters
C ⊕ C ⊕ C






C ⊕ C ⊕ C







C ⊕ C ⊕ C







L12 ⊗SL22) ⊕ C
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C ⊕ SL2 ⊕SL2






C ⊕ C ⊕ C







C ⊕ C ⊕ C







C ⊕ SL2 ⊕SL2







(continued on next page)Table 8 (continued)






















































































































homogeneous space Fundamental characters
⊕ C ⊕ SL2
























C ⊕ C ⊕ C ⊕ C








C ⊕ C ⊕ C




















































































































































rehomogeneous space Fundamental characters
C ⊕ C ⊕ C







C ⊕ C ⊕ C







C ⊕ C ⊕ C ⊕ C








C ⊕ C ⊕ C ⊕ C



































































































































































C ⊕ SL2 ⊕SL2







(continued on next page)Table 8 (continued)
























































































































rehomogeneous space Fundamental characters
C ⊕ C ⊕ C ⊕ C








C ⊕ C ⊕ C ⊕ C



































































Nilpotent orbits in e (type EVI)





∧2(SL4) ⊕ C (2,0)(0,1)
Spin12 (4)
∧2(SL6) ⊕ C (3,0)(0,1)
SO8 ⊗SL2 (4)
(continued on next page)7(−5)









































































































































ehomogeneous space Fundamental characters
C ⊕ SL4 ⊕SL∗4
(1,0,0)
(0,1,1)









∧2(SL4) ⊕ C (2,0)(0,1)
Spin10 ⊗SL2 (4)
SL4 ⊗SL12 ⊗SL22 (8)
























































































































































homogeneous space Fundamental characters
2 ⊗SL4) ⊕
∧2(SL4) (2,1)(0,2)




∧2(SL6) ⊗ SL2 (12)
(SL4) ⊗ SL2) ⊕ SL2 (2,2)(4,0)










(continued on next page)Table 9 (continued)







































































































































omogeneous space Fundamental characters
C ⊕ SL2 ⊕C






















L3 ⊗SL4 ⊗SL2 (12)





(continued on next page)Table 9 (continued)













































































































































omogeneous space Fundamental characters
1
2 ⊗SL22) ⊕ C









































































































































































































C ⊕ SO10 (1,0)(0,2)
(continued on next page)Nilpotent orbits in e7(−25) (type EVII)









































































































































ehomogeneous space Fundamental characters
SO10 ⊕C (2,0)(0,1)
SL6 ⊕SL∗6 (1,1)
SL2 ⊕C ⊕ SL2 (1,0,1)(0,1,0)
SL2 ⊕C ⊕ SL2 (1,0,1)(0,1,0)
C ⊕ SO8 (1,0)(0,2)
SO8 ⊕C (2,0)(0,1)
SO8 ⊕Spin8 (2,0)(0,2)
























































































































































ehomogeneous space Fundamental characters
SO10 ⊕Spin10 (2,0)(1,2)
Spin10 ⊕SO10 (2,1)(0,2)









































































































































Nilpotent orbits in e (type EVIII)








C ⊕ (SL14 ⊗SL24)
(1,0)
(0,4)
(continued on next page)8(8)





























































































































































⊕ (∧2(SL4) ⊗ SL32)
(2,0)
(0,4)
∧2(SL4) ⊕ C (2,0)(0,1)
∧3(SL7) (7)
L3 ⊗
∧2(SL4)) ⊕ C (6,0)(0,1)
Spin14 (8)
∧3(SL7) ⊕ C (7,0)(0,1)
SL4 ⊗SO8 (8)





































































































































































∧2(SL6) ⊗ SL2 (12)
























































































































































































































in8 ⊕ (SL2 ⊗SO8) (2,0)(0,4)
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ehomogeneous space Fundamental characters
⊕ (SL12 ⊗SL32)















⊕ (SL12 ⊗SL22 ⊗SL32)
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omogeneous space Fundamental characters
(SL4)
























⊕ C ⊕ C
⊕ (SL12 ⊗SL22)









































































































































































Orbit K diagram dimp2 Highest weights of p2 Prehomogeneous space Fundamental characters








































∧2(SL5) ⊗ SL4 (40)











































































































































































ehomogeneous space Fundamental characters
(SL13)
∗












C ⊕ C ⊕ C













⊕ C ⊕ C ⊕ C
























































































































































ehomogeneous space Fundamental characters
⊕ C ⊕ SL2













2 ⊕ (SL12 ⊗SL52)

































































































































































































ehomogeneous space Fundamental characters
⊕ (SL12 ⊗SL22)





⊕ C ⊕ (SL12 ⊗SL22)






L12 ⊗SL22) ⊕ C






⊕ C ⊕ C ⊕ C









C ⊕ C ⊕ C ⊕ C













































































































































ehomogeneous space Fundamental characters
L2 ⊕C ⊕ C







⊕ C ⊕ C ⊕ C









C ⊕ C ⊕ C ⊕ C





























































































































































ehomogeneous space Fundamental characters
⊕ (SL2 ⊗SL3 ⊗SL4) (4,12)(0,12)
SL12 ⊕C



















C ⊕ C ⊕ C ⊕ C
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SL12)
(SL13)












⊕ C ⊕ C ⊕ C
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ehomogeneous space Fundamental characters
C ⊕ SL2 ⊕SL2







⊕ C ⊕ SL2














⊕ C ⊕ SL2
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homogeneous space Fundamental characters
C ⊕ C ⊕ C ⊕ C








⊕ C ⊕ C ⊕ C









⊕ (SL12 ⊗SL22 ⊗SL42)





⊕ C ⊕ C ⊕ C
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(SL12 ⊗SL22 ⊗SL32)














C ⊕ SL2 ⊕SL2









⊕ C ⊕ C ⊕ C
























































































































Nilpotent orbits in e (type EIX)
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rehomogeneous space Fundamental characters
C ⊕ SL6 ⊕SL∗6
(1,0,0)
(0,1,1)
SL2 ⊕SO8 ⊕SL2 (1,0,1)(0,2,0)
SL3 ⊗SL12 ⊗SL22 (6)





















































































































































































rehomogeneous space Fundamental characters
Spin10 ⊕SO10 (2,1)(0,2)
(SO10 ⊗SL2) ⊕ SL2 (4,0)(2,2)
E6 ⊗SL2 (12)





































































































































































































SL3 ⊗SL4 ⊗SL2 (12)










O10 ⊗SL2) ⊕ Spin10 (4,0)(4,4)
(continued on next page)Table 12 (continued)























































































































































rehomogeneous space Fundamental characters
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